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Abstract 

The finitistic dimension conjecture asserts that any finite-dimensional algebra over a field should 
have finite finitistic dimension. Recently, this conjecture is reduced to studying finitistic dimensions 
for extensions of algebras. In this paper, we investigate those extensions of Artin algebras in which 
some radical-power of smaller algebras is a one-sided ideal in bigger algebras. Our results, however, are 
formulated more generally for an arbitrary ideal; Let Z? C A be an extension of Artin algebras and I an 
ideal of B such that the full subcategory of Z?//-modules is Z?-syzygy-finite. Then; (1) If the extension 
is right-bounded (for example, pd(AB) < °o), /Arad(Z?) C B and fin.dim (A) < oo, then fin.dim (Z?) < 

(2) If Zrad(B) is a left ideal of A and A is torsionless-finite, then fin.dim (B) < Particularly, if Z is 
specified to a power of the radical of B, then our results not only generalize some ones in the literature 
(see Corollaries O and [Mil, but also provide some completely new ways to detect algebras of finite 
finitistic dimensions. 


1 Introduction 

Let A be an Artin algebra. The finitistic dimension of A is defined to be the supremum of the projective 
dimensions of finitely generated left A-modules having finite projective dimension. The finitistic dimension 
conjecture says that any Artin algebra should have finite finitistic dimension. This conjecture was initially a 
question by Rosenberg and Zelinsky, published by Bass in a paper in 1960 (see [S!]), and has attracted many 
mathematicians in the last 5.5 decades. Among them is Maurice Auslander who “is considered to be one of 
the founders of the modem aspects of the representation theory of artin algebras” (see HU p.501]). “One of 
his main interests in the theory of artin algebras was the finitistic dimension conjecture and related homo- 
logical conjectures” (see ifl^ p.815]). The conjecture becomes nowadays one of the main conjectures in the 
representation theory of algebras (see H Conjecture (11), p.410]) and has not only close relations with alge¬ 
braic geometry and model structure (see ifTTlfTSl ). but also intimate connections with the solutions of several 
other not-yet-solved conjectures such as strong Nakayama conjecture (see [8]), generalized Nakayama con¬ 
jecture (see |[3t), Nakayama conjecture (see HSl), Wakamatsu tilting conjecture (see Chapter IV, p.71]) 
and Gorenstein symmetry conjecture (see l!25l L All of these conjectures would be valid if so would be the 
finitistic dimension conjecture. Several special cases for the conjecture to be true are verified (see, for exam¬ 
ple, |l2]|3[Tll[T2l[T3l[T4l|26l|27l|7l), but it is not yet fully resolved in general. Actually, up to the present time, 
not many practical methods, so far as we know, are available to detect algebras of finite finitistic dimensions. 
It seems necessary to develop some methods for testing finiteness of finitistic dimensions for general algebras 
or even for some concrete examples. 

In the recent papers ll22l |2^ . the conjecture is reduced to comparing finitistic dimensions of a pair of 
algebras instead of focusing only on one single algebra. More precisely, the following two statements are 
proved to be equivalent for a field k: 

(1) The finitistic dimension of any finite-dimensional k-algebra is finite. 

(2) For any extension B C A of finite-dimensional k-algebras such that rad(B), the Jacobson radical of B, 
is a left ideal in A, if A has finite finitistic dimension, then B has finite finitistic dimension. 

Along this line, the conjecture is further reduced, by a different method, to extensions of algebras with 
relative global dimension 1, where the ground field is assumed to be perfect (see ll24l j. Thus it seems quite 

* Corresponding author. Email; xicc@cnu.edu.cn; Fax; 0086 10 68903637. 

2010 Mathematics Subject Classification; 16E10,18G20; 16G10,18D70. 

Keywords; Extension of algebras; Finitistic dimension; Ideal; Radical; Syzygy; Torsionless module. 



worthy to consider such kinds of extensions of algebras and to bound the finitistic dimensions of smaller 
algebras in terms of the ones of bigger algebras which we would like to take as simple as possible. Moreover, 
this kind of considerations, philosophically, seems to make sense because algebras usually may have simpler 
homological or representation-theoretical properties than their subalgebras do. For instance, every finite¬ 
dimensional algebra over a field can be regarded as a subalgebra of some full mafrix algebra, while fhe laffer 
obviously has simple represenfafion fheory and homological properties. Also, a lof of ofher examples show 
fhaf fhe philosophy of confrolling finifisfic dimensions by exfension algebras could work powerfully (see also 
fhe example af fhe end of fhe lasf secfion). 

Now, lef us jusf menfion a couple of known considerations in fhis direcfion. In fhe sequel, we denofe by 
gl.dim(A) and fin.dim(A) fhe global and finifisfic dimensions of an algebra A, respectively; and by pd(AB) 
fhe projective dimension of fhe righf B-module A. 

(i) Lef B C A be an exfension of Arfin algebras such fhaf rad(B) is a leff ideal in A. Then: 

(a) If rad(A) = rad(B)A and gl.dim (A) < 4, fhen fin.dim {B) < oo (see ll2^ Theorem 3.7]). 

(b) If pd (Afi) OO and fin.dim (A) < oo, then fin.dim {B) < oo (see ll^ Corollary 1.4]). 

(ii) Lef C C B C A be a chain of Arfin algebras such fhaf rad(C) and rad(B) are leff ideals in B and A, 
respectively. If A is represenfafion-finife, fhen fin.dim (C) < oo (see ll22l Theorem 4.5]). 

In fhis paper, we confinue fo explore and compare finifisfic dimensions of exfensions B C A of Arfin 
algebras. Since if happens quife offen fhaf rad(B) ifself may nof be a leff ideal in A buf some power of if is 
acfually a leff or righf ideal in A, our main goal in fhis paper is fo exfend resulfs for fhe case fhaf rad(B) is 
a leff ideal in A fo a more general case fhaf rad‘'(B) is a leff (or righf) ideal in A for some posifive infeger s. 
Such kinds of exfensions may be called radical-power exfensions. Our resulfs in fhis paper will generalize 
some ones on leff-idealized exfensions (see ll22l |23l Ell), recover a resulf of Green-Zimmermann-Huisgen 
(see Corollary 13.91 ) and provide somewhaf handy mefhods fo defecf algebras of finife finifisfic dimensions, 
especially fhose obfained as subalgebras from represenfafion-finife algebras. 

We shall carry ouf our discussion for exfensions B C A in a broader confexf by sfudying an arbifrary ideal 
of B rafher fhan a power of fhe radical of B. The fechnical problem we encounfer, even in fhe case of a higher 
power of fhe radical, is fhaf fhe higher syzygies of B-modules admit no longer A-module structures. So a 
crucial ingredient for bounding projective dimensions used in l[22l EH Ell is missing. To circumvent this 
problem here, we first use certain submodules of torsionless B-modules to get A-module structures, and then 
establish certain reasonable short exact sequences connecting B-syzygies with the lifted A-modules. Finally, 
we utilize the Igusa-Todorov function in ifTH to estimate upper bounds of projective dimensions. 

To state our main results more precisely, let us first recall some definitions. 

Let A be an Artin algebra and Ma be a right A-module. Following IT^ . a non-negative integer n is called a 
bound on the vanishing of Toxa{Ma,—) if, for any A-module Y, whenever Tor^ (Ma,T) = 0 for p sufficiently 
large then Tor^(M, 4 ,T) = 0 for all p >n-\- y. Of course, if n := pA{Ma) < then n is a bound on the 
vanishing of Tor^(M, —). As in m, if the n-th syzygy of a projective resolution of Ma is periodic, then n is 
a bound on the vanishing of Tor^(M, —). So a bound on the vanishing of Tor^(M, —) generalizes the period 
and finiteness of a projective resolution of M. 

An extension B C A of Artin algebras is said to be right-finite if pd (Ag) < oo. Similarly, we can define 
leff-finife exfensions. Now, we infroduce a generalization of righf-finife exfensions. The exfension B C A 
is called a right-bounded exfension if fhere is a bound on fhe vanishing of Tor^(AB,—). So, righf-finife 
exfensions are righf-bounded, buf fhe converse is nof frue in general by fhe examples in lIT^ . 

For m>0 and a full subcafegory C of A-mod, fhe cafegory of all finifely generated leff A-modules, we 
denofe by the full subcategory of A-mod consisting of those A-modules that are either projective or 

direct summands of m-th syzygies of A-modules in C- So (A-mod) = A-mod and (A-mod) is just the 
category of torsionless A-modules. We say that C is m-syzygy-finite if there are only finitely many non¬ 
isomorphic indecomposable modules in and syzygy-finite (or more precisely, A-syzygy-finite) if there 

is some m >0 such that C is m-syzygy-finite. Particulary, the algebra A is representation-finite (respec¬ 
tively, torsionless-finite) if A-mod is 0-syzygy-finite (respectively, 1-syzygy-finite). For further information 


on torsionless-finite algebras, we refer the reader to ll20l . 

Now, our main results can be stated as follows. 

Theorem 1.1. Let B C A be a right-bounded extension of Artin algebras and I be an ideal in B such that 
Mrad(B) C B and the full subcategory of B / 1-modules is B-syzygy-finite (for example, B/1 is representation- 
finite). ^fin.dim(A) < oo, then tin.dim (B) < oo. 

As an immediate consequence of Theorem 11.11 we get a result on radical-power extensions of Artin 
algebras. 

Corollary 1.2. Let B (f A be a right-finite extension of Artin algebras. Suppose that there is an integer 
s >0 such that rad^(B)Arad(B) C B and that B/ra.d^{B) is representation-finite. //■ fin.dim (A) < oo, then 
fin.dim (B) <c 

Here, we understand rad*’(B) = B. In case 5 = 0 and rad(B) is a left ideal in A, Corollary 11.21 coincides 
with ll^ Corolary 1.4] for finiteness of finitistic dimensions. But in the case 5 = 1, Corollary 1 1.21 seems to 
be new, comparing it with the results in ifTOl [1^1^12211^1241 . 

As is known, fin.dim (A) may differ from fin.dim (A'’’’), where A"*” stands for the opposite algebra of A. 
This means that the notion of finitistic dimensions does not haye left-right symmetry and suggests that a 
conclusion analogous to Corollary 11.21 for left-finite extensions B C A with rad^(B) being a left (or right) 
ideal of A might not exist. Howeyer, in this case, we get similar results in which we do not assume that 
extensions are left-bounded. 

Theorem 1.3. Let B f A be an extension of Artin algebras and I be an ideal in B such that /rad(B) is a left 
ideal in A and the full subcategory of B/1-modules is B-syzygy-finite. If A is torsionless-finite (for example, 
representation-finite or hereditary), then fin.dim (B) < oo. 

If / = B in Theorem 11.31 then we recoyer 1221 Theorem 3.1]. Now, specifying 1 to some power of the 
radical of B, we then get the following corollary. 

Corollary 1.4. Suppose that B C A is an extension of Artin algebras such that rad^ (B) is a left ideal of A and 
that B(B) is representation-finite for some integer s > 1. If A is torsionless-finite, thendn.dim[B) <oo. 


Note that Corollary 11.41 coyers |[22l Proposition 4.9] if we take 5=1. In case 5 = 2, the algebra 
B/rad^^'(B) is automatically representation-finite, and therefore Corollary 11.41 takes a simple form. In this 
case. Corollary 1 1 .41 seems to appear for the first time in the work. Since there is a plenty of extensions B C A 
such that rad(B) itself is neither a left nor a right ideal in A but some of its powers is a left or right ideal in 
A, our corollaries are proper generalizations of some results in |[22ll23llMl . Also, the arguments of proofs of 
our results here are different from the earlier ones, though the common idea for all proofs is the use of the 
Igusa-Todoroy function. Note also that, comparing with the results in 11211 . we do not impose any homologi¬ 
cal conditions (such as finiteness of projectiye dimension) on ideals or powers of the radical of B since such 
conditions seem to be strong for our homological questions. 

The contents of this note are arranged as follows: In Section|2l we first fix some terminology and notation, 
and then recall some basic facts needed in later proofs. In Section [3l we giye proofs of all the aboye- 
mentioned theorems and corollaries. As a byproduct of our results, we re-obtain a main result in ifTTI (see 
Corollary 13.91) . This section ends with an example to explain how our results can be used. It seems that, for 
this example, no preyiously known results could be applied to detect the finiteness of its finitistic dimension. 

2 Preliminaries 

In this section, we shall briefly recall some basic definitions, fix notation, and collect some known results that 
are needed in later proofs. 


Let A be an Artin /^-algebra, that is, is a commutative Artin ring with identity and A is a finitely 
generated unitary /^-module. We denote by rad(A) the Jacobson radical of A. By a module we always mean 
a finitely generated left module. Given an A-module M, we denote by rad^(M) and Q.a{M) the Jacobson 
radical and the first syzygy of M, respectively, and by pd {aM) the projective dimension of M. Recall that 
the global dimension of A, denoted by gl.dim (A), is defined fo be fhe supremum of projecfive dimensions of 
modules in A-mod, and fhe finilislic dimension of A, denoted by fin.dim(A), is fhe supremum of projecfive 
dimensions of all fhose A-modules X in A-mod wifh pd (aX) < So fin.dim (A) < gl.dim (A). 

For a homomorphism / : X —)■ F in A-mod, we denofe by Ker(/) and Im(/) fhe kernel and image of /, 
respecfively. If g : F —Z is anofher homomorphism in A-mod, we wrife /g : X —Z for fhe composite of / 
wifh g. In Ibis way, Hom 4 (X,F) becomes nafurally a left EndA(X)- and right EndA(F)-bimodule. 

Given an additive full subcategory ^ of A-mod and a module M in we say that M is an additive 
generator for if = add (M), where add (M) is the additive full category of A-mod generated by M. 

By an extension B C A of algebras we mean a pair of Artin algebras A and B such that B is a subalgebra 
of A with the same identity. 

To estimate projective dimensions of modules, Igusa-Todorov introduced a useful function (see HU) 
which is defined as follows: Eef X(A) be fhe quofienf of fhe free abelian group generated by fhe isomorphism 
classes [M] of modules M in A-mod modulo fhe relafions: 

(i) [F] = [X] + [Z] if F ~ X © Z, and 

(ii) [P] = 0 if P is a projecfive A-module. 

Thus X(A) is a free abelian group wifh a basis consisting of isomorphism classes of non-projecfive inde¬ 
composable A-modules. By employing fhe noefherian properfy of fhe ring of integers, Igusa and Todorov 
define a function on fhis abelian group, which lakes values of non-negafive infegers and has fhe following 
fundamenfal properfies. 

Lemma 2.1. ifldl Let X and Y be A-modules. Then: 

(1) //pd(AX) < oo, then 'F(X) =pd(AX). 

(2) 'F(X) < 'F(X ©F) and 'F(0”=iX) = 'F(X)/or any natural number n>\. 

(3) IfQ —)■ X —>• F -^Z ^0 is an exact sequence in A-mod with pd (aZ) < oo, then 'F(Z) < 'F(X ©F) + 1. 

Now, we recall fhe following well-known homological facfs. 

Lemma 2.2. (1) If there is an exact sequence 0 — ^ X^ — ... — Xi — >• Xq — >• X — )■ 0 in A-mod, then pd (aX) < 
5 + maxjpd (aX,) | 0 < / < 5 }. 

(2) Given an exact sequence 0—)-X—>F —>Z—)-0 of A-modules, there are induced another two exact 
sequences 

0— >0.a{Z )—^X©P—^F—^0 and 0 —> Q.a{Y) — >Q.a{Z)®P '——^0 

with P and P' projective A-modules. They are the so-called syzygy shifting. 

Nexf, we recall a result of Auslander (see H] Chapt. Ill, Sec. 2]), which describes the global dimensions 
of the endomorphism algebras of modules. 

Lemma 2.3. Let n > 2 be an integer. Suppose that A is an algebra and M is an A-module. Then 
gl.dim (End (aA/)) < n if and only if for each A-module X, there is an exact sequence 

0 —^ ^- > Ml — >Mq —^X —^0 

in A-mod such that all Mj G add (M) and HomA(M, —) preserves the exactness of this sequence. 

We also need the following result from |[23l . 

Lemma 2.4. Let B G Abe an extension of algebras such that rad(P) is a left ideal of A. Then, for any B- 
module X and integer i > 2, the module D.g(X) has an A-module structure and there is a projective A-module 
P and an A-module Y such that fl^(X) ~ L1a{Y) (B P as A-modules. 


3 Proofs of main results 


In this section, we give proofs of all results mentioned in the introduction and deduce some of their conse¬ 
quences. 

3.1 Proof of Theorem 11.11 

To prove Theorem ll.ll we first have to make some preparations. Let M be a right A-module. For conve¬ 
nience, we say that a left A-module aX satisfies fhe Tor^(M, —)-vanishing condition if Tor^(M,X) = 0 for p 
sufficienfly large. For insfance, modules of finife projecfive dimension always safisfy fhis condition. More¬ 
over, if ^A{Ma) < then all modules satisfy the Tor^(M,—)-vanishing condition. Note that the next two 
lemmas are true for a more general class of rings, though they are just stated for Artin algebras. 

Lemma 3.1. Let A and B be Artin algebras and aMb be an A-B-biniodule. Suppose that aM is projective and 
n is a bound on the vanishing of Tor^{M b, —)■ Then, for any B-module X with the Tor^{M b, —)-vanishing 
condition and for any integer ni > 1, we have an isomorphism of A-niodules 

LlA{M®BLTj+’^{X))c:^Q!f{M®B^V\X)). 

Proof Let m > 1 be an integer and A be a B-module satisfying the Tor®(MB, — )-vanishing condition. 
Then we consider the projective cover / : B —)• ' (A) of ^ (A) and the canonical exact sequence 

0 —^ Lii+"\x) — >p —^ ^ 0. 

Since n is a bound of the vanishing of Tor®(Mg,—) and n + m > n, we have Torf(M,flg^'”^'(A)) ~ 
Tor^_i_^(M,A) = 0. Thus the following sequence of A-modules is exact: 

0 ^ M Lll^"\X) -^M^bP^M^b ^ 0 . 

By assumption, the module aM is projective. This yields that the A-module M iS>b P is also projective. 
Thus MiS>B^B^'”{X) ^ ©2 with Q a projective A-module. It follows that Q.a{M®b 

QP^+in (X)) ~ Q.\ {M®b ' (A)) for all m > 1. Consequently, we have Q.a {M®b (^)) — ^a ®s 

(A)) by repeating the foregoing isomorphism. □ 

The following lemma is a consequence of the derived functors of tensor functors. 

Lemma 3.2. Let B f A be a right-bounded extension of Artin algebras with n a bound on the vanishing 
o/Tor®(AB, —). If a B-module gA satisfies the Tor {Ab , —)-vanishing condition, that is, Tor^(AB,A) = 0 for 
sufficiently large p, then, for any positive integer / > n + 1, the following sequence of B-modules is exact: 

O^a^(A) ^A©Ba‘j(A) ^ {A/B)®b^b{^)^^ ■ 

Proof Tensoring the exact sequence O^B—7>A^A/B—)>0by fig (A), we get the following exact 
sequence of B-modules: 

0 ^ Torf (A,fl^(A)) ^ Torf (A/B,fl^(A)) ^ fl^(A) ^ A©Bfl^(A) ^ (A/B) ©Bfl^(A) ^ 0. 

Evidently, Torf(A/B,fl;^(A)) ~ Tor^_^j(A/B,A) ~ Tor^_^j(A,A) for j > 1. By assumption, n is a bound 
of the vanishing of Tor®(AB,—) and A satisfies the Tor®(AB, —)-vanishing condition. Therefore we have 
Tor^(A,A) = 0 for all p > n + 1. Thus Torf(A/B,flg(A)) ~ Torf|^j(A,A) = 0 for / > n© 1. Consequently, 
we get the desired exact sequence. □ 

Proof of Theorem ll.il 

Let B C A be a right-bounded extension of Artin algebras and I be an ideal in B such that /Arad(B) C B 
and the full subcategory (B//)-mod of B-mod is 5-syzygy-finite (with respect to taking B-syzygies) for 



some integer 5 > 0. Further, we assume that n is a bound on the vanishing of Tor(AB,—), and define 
m := fin.dim(A) < 00 . Let X be a B-module with pd(BX) < 00 . Then X satisfies fhe Tor®(AB, —)-vanishing 
condifion. Now, we consider fhe B-module Y := fake a projective cover n : P of F, and 

form fhe following exacf commutative diagram of B-modules: 

0 0 0 

0 -^ ^^(F)-^ P -^^ F-^ 0 

0 - >-A0bQ.b[Y) - >-A0bP -5“A(8)gF- s“0 

-^ (A/B) Qb (F) (A/B) P {A/B)®bY -^ 0 

0 0 

where the third column in the diagram is given by Lemma lT^ The exactness of the second row follows from 
Torf (A,F) = Torf ~ Tor^_^,„^ 2 (^)^) = 0 since n is abound on the vanishing of Tor®(AB, —). 

Thus there is a projective A-module Q such that A^b^b{Y ) — (A F) 0 So we may rewrite the above 
diagram as follows: 


0 0 0 

0 - ^^b{Y) - ^P - - -^F- ^0 

0 -^aA(A 0 BF) 0 e- ^A(g)BP -^A 0 bF- ^0 

/ 

0-^ Im((p)-^ (A/B) 0bP -^ (A/B) 0 b F-^ 0 

0 0 0 

where / is surjective. Thus we have an exact sequence of B-modules 

(*) O^aB(F) ^aA(A0BF)©(2^Im((p) ^0. 

By Lemma l3Al we have the following isomorphism of A-modules for any 7 > 1: 

aA(A0Ba”+^(X)) ~a{(A0Ba”+'(X)). 

So, if j > pd (bX), then = 0, and therefore (X)) = 0 and pd (aA ®Bflg^^(X)) <m:= 

fin.dim (A). In particular, it follows again from Lemma ITT] that 

Ha (A 05 0.1+'”+^ (X)) ~ (A 0B (X)) = 0. 

Hence the sequence (*) becomes the following exact sequence 

0 —^ Qr+”^+^{X) —>Q —^ Im((p) —^ 0. 

















































If we take {s — l)-th syzygy of this sequence, then we get a new exact sequence of B-modules 

0 —^ ^ nr'(<2) ^ ^ 0 

with P' a projective B-module. Now, applying the second shifting sequence in Lemma lT2l' 2) to this sequence, 
we obtain the following exact sequence 

0 ^ %{Q) a^(Im((p)) ©ly ^ a"+'”+"+‘(X) ^ 0, 

where Vk is a projective B-module. 

Next, we shall prove that Im((p) is a B/Z-module, that is, /(Im((p)) = 0. In fact, tp is induced by inclusion 
from ^b{Y) to P, and therefore ^b{Y) Q rad(BP) = rad(P)P. So an element in Im((p) is a finite sum of 
elements of the form (a + B) ©g rp, where a ^A,r ^ rad(P) and p ^P. Hence it is enough to show /((a + 
B) ©g rp) = 0 in (A/B) <SibP- If r' G /, then it follows from /Arad(B) C B that 

/((a + P)©grp) = r'((ar + P) ©gp) = (r'ar+ P) ©gp = 0©gp = 0. 

This shows that Im((p) is a module over B/I. By assumption, the full subcategory (P//)-mod of P-mod is 
5-syzygy-finite. So there is an additive generator gN for flg((P//)-mod) such that fl;^(Im((p)) G add (N). 
Finally, it follows from Lemma IZTl that 

pd(ga”+'”+^+i(X)) ='F(ga"+'”+^+'(X)) ^ l+'F(a^((2)©a^(Im((p))©lT) ^ l+'F(a^(gA)®iV). 
Clearly, 'F(flg(gA) (BN) does not depend upon X. As a result, we have 

pd(BX) ^m + n + 5+l+pd(ga”+'”+^+i(A)) <m + n + 5 + 2 + »F(a^(gA)©A) <oo. 

That is, fin.dim (B) < oo. This completes the proof of Theorem ll.il □ 

Proof of Corollary 11.21 

Let B C A be a right-finite extension of Artin algebras. Suppose that there is an integer 5 > 0 such that 
rad'*(P)Arad(P) C B and that P/rad^(P) is representation-finite. Then we define I := rad''(P). Evidenfly, I 
satisfies all condifions in Theorem 1 1.1 1 Hence Corollary 11. 2l follows direcfly from Theorem 1 1.11 □ 

As an immediafe consequence of Corollary 11.21 we have fhe following resulf. 

Corollary 3.3. Let B 'A A be a right-finite extension of Artin algebras. Suppose that there is an integer 
5 > 1 such that Avad{B) C rad(P)A, rad^(P) is a right ideal of A, and B{B) is representation-finite. If 
fin.dim (A) < oo, then fin.dim (P) < oo. 

Recall fhaf fhe represenfafion dimension of an algebra A, infroduced by Auslander in |Tj, is defined by 

rep.dim (A) := inf{gl.dim (EndA(A ©D(A) ©M)) |MGA-mod}. 

If we sfrengfhen exfensions P C A as certain special lefl-finile exfensions, we may relax fhe assumption 
on P// in Theorem 1 1.1 1 and gel fhe following resulf. 

Corollary 3.4. Let B C A be a right-bounded extension of Artin algebras with pd (gA) < 1, and let I be an 
ideal ofB such that IAmd{B) C P and rep.dim {B/I) < 3. ^fin.dim (A) < oo, then fin.dim (P) < oo. 

Proof. As in fhe proof of Theorem 1 1.11 we gef an exacl sequence of P-modules 

0 ^ Q.b{Q) nB(Im((p)) © IT ^ a”+"'+2(A) © T ^ 0, 

where 2 is a projective A-module, W and V are projective P-modules. Since rep.dim(P//) < 3 and Im((p) 
is a P//-module, we can find a P//-module U such fhaf gl.dim(Endg//(f7)) = rep.dim (P//), and an exacl 
sequence 

0 —>Ui — >Uq —^ Im((p) —> 0 


such that Ui G add((7) by Lemma 1231 Thus we can form the following exact commutative diagram of 
B-modules: 

0 0 

0--^QB(c/o)ew'-^Q^+'"+\x)ev— 

0-^ Qb(Q)-^ nB(Im((p)) © IT-^ a"+'”+^ (X) © V -^ 0 

0 0 

where IT^ is a projective B-module. It follows from pd(BA) < 1 that Ex4(aB(e),aB(f/i)) = 
Ext|(2,flB(f/i)) = 0, and therefore the first column of the above diagram splits. Thus K ~ Q.b(Q d) Ui), 
and consequently, we have the following exact sequence 

0 ^ ^5(2 © f/i) ^ ^^(f/o) © IT' ^ a”+'”+2(X) © T ^ 0. 

Now, the same argument of the proof of Theorem ll.il will lead to Corollary 13.41 □ 

3.2 Proof of Theorem 11.31 

Before starting with the proof of Theorem 11.31 we first show the following useful lemma which supplies a 
non-trivial way to lift B-modules to A-modules. This observation extends l[22l Lemma 0.1] and is probably 
not previously known in the literature. Also, note that the lemma holds true for arbitrary rings and torsionless 
modules. 

Lemma 3.5. Let B C Abe an extension ofArtin algebras and I be an ideal ofB such that I is also a left ideal 
of A. Then, for any torsionless B-module X, its submodule IX admits an A-module structure and is actually 
a torsinless A-module. 

Proof. Let X ^ E be an inclusion with P a projective B-module. Then we get an exact sequence 

0— >X^P—>¥ —^0 

with Y the cokemel of the inclusion, and can form the following exact commutative diagram: 

0- ^ (I, Y) I ®bX^^ I ^bP --^0 

a p 

IP -^ lY -^ 0, 

where a and P are the multiplication maps. Clearly, a is an isomorphism since B is a projective B-module. It 
is easy to see that Im(ri) ~ Im(ria) = IX. Thus we have an exact sequence of B-modules: 

0-^Torf(/,F) -^0. 


Since / is a left ideal of A, we know that Torf (/,F) and/©fiX are A-modules and the injective homomorphism 
\|/ is, in fact, a homomorphism of A-modules. So the B-module IX, as the cokernel of V|/, is endowed with an 





































A-module structure which is induced from the A-module I®b^- Evidently, the A-module IX can be regarded 
as an A-submodule of the projective A-module aA^bP- El 

Remark that Lemma [33] may be false if X is not assumed to be torsionless. For a counterexample, we 
refer the reader to ll22l Erratum]. 

Proof of Theorem 11.31 

Let X be a B-module with pd {bX) < oo. Then we take a projective cover Pi —> ^b{X) of ^b{X) and get 
two canonical exact sequences of torsionless R-modules: 

0 ^ Q.l{X) ^ Pi ^ ^BiX) 0, 

0^a|(X) ^radB(Pi) ^radB(aB(X)) ^0, 
which can be used to construct the following exact commutative diagram of P-modules: 


0 


0 


0 


0 

0 


■D.liX) 


■/rads (Pi) 
^2 

-rads(Pi) - 


■ImdBiaBiX)) 

1-3 

-radB(flB(X)) - 


0 

0 


0-^ r-s-radB(Pi)//rade(Pi)-rads (fig (X))//rade(flB(X))-s-0 

0 0 0 

where Z is the kernel of tp and where T is the cokemel of ii. Thus we have an exact sequence of P-modules 

(**) 0—— >Q.l{X) — >T — ^0 

with T a B//-module. Note that Z has an A-module structure: In fact, tp is the composite of /rad(P) (8)bPi 
/rad(B) iSiB^siX) with the multiplication map /rad(P) —> Imd{B)D.B{X) = /radB(flfi(X)). Since 

/rad(P) is a left ideal of A and Q.b{X) is a torsionless P-module, we see that /radB(fle(Z)) is an A-module 
by Lemma lT5l It turns out that tp becomes a homomorphism of A-modules, and therefore its kernel Z is an 
A-module. 

Since Pi is a projective P-module, we have the following inclusions of A-modules: 

Z /radB(Pi) ~ /rad(P) 18 ) 5 Pi A 8 ) 5 Pi. 

Let W be the cokemel of the inclusion Z ^ A ( 8)5 Pi. Then there is a projective A-module Q such that 
Z ~ Q.a{W) © Q. Thus the exact sequence (**) can be rewritten as 

0 ^ D.a{W) © 2 ^ n|(x) ^ P ^ 0. 

Suppose that the full subcategory (P//)-mod of P-mod is 5 -syzygy-finite for some 5 > 1. Then we take the 
(5 — l)-th syzygy of the above sequence and get the following exact sequence of P-modules: 

0 ^ (^^(IL) © 2) ^ (X) ©P' ^ (^) ^ 0- 

with P' a projective P-module. By a syzygy shifting, we finally get an exact sequence of the following form: 

0 ^ a%{T) (aA(lL) © 2) ©P ^ (X) ^ 0, 


























where P is a projective P-module. Since A is torsionless-finite and the full subcategory (B//)-mod of P-mod 
is 5-syzygy-finite, there is an A-module M and a P-module N such that Q.a{W) G add (aM) and Q.%{T) G 
add( 5 A/^). Here M and N do not depend upon X. Thus the Igusa-Todorov function yields the following 
estimation: 


pd(BX)<^+l+pd(Baj+i(X)) 

< 5 + 1 + 1 +'T(a^(r) © (Ha(IT) © e) ©p) 

< 5 + 2 +'T(A^©(M©bA)). 

Note that 5 and *T(N©flg^^(M© ^A)) are independent of the B-module X. Hence fin.dim(P) < oo. This 
finishes fhe proof of Theorem 1 1.3 1 □ 

Remarks. (1) The above proof shows fhaf, in Theorem 1 1.31 we may replace “A is lorsionless-finile” by 
“fhe subcafegory (flA(A-mod)) is of finife type”. 

(2) Given an Artin P-algebra B and an ideal I in B, if P is a free P-module (for instance, P is a field), fhen 
there is a recipe for getting an extension P C A of Artin P-algebras such that 7 is a left ideal in A. In fact, 
since P is a free P-module of finite rank, we can embed P into a full nxn matrix algebra A := Mn{R) over P 
and define A := {a G A | a/ C /}. Evidenfly, fhe Arfin P-algebra A contains P and makes 7 into a left ideal. 

Proof of Corollary 11.41 

Suppose that P C A is an extension of Artin algebras such that rad^(P) is a left ideal of A and that 
P/rad^^' (P) is representation-finite for some integer s> 1. If 7 := rad^^^ (P), then 7 fulfills the conditions in 
Theorem 1 1.3 1 So Corollary 1 1 .41 follows immediately from Theorem 1 1.31 □ 

The above proof of Theorem 1 1.3 1 also implies the following conclusion. 

Corollary 3.6. Let B (LA be a left-finite extension of Artin algebras such that rad^ (P) is a left ideal of A. 

(1) If A is torsionless-finite, then fin.dim (P) < oo. 

(2) ^gl.dim (A) < oo, then fin.dim (P) <c 

Proof (1) is clear from Corollary 1 1.41 

(2) We keep fhe nofafion in fhe above proof of Theorem 11.31 By Lemma 11. pd(BZ) < pd(BA) + 
gl.dim(A). This shows pd(Br) < oo for fhe semisimple module T. Hence, fhe above argumenf yields 
fin.dim (P) < oo. □ 

Now, we consider extensions B C A wifh rad^(P) = rad^(A). For Z = 1, if is known from ll24l Theorem 
1.1(1)] fhaf fin.dim(P) < oo if fin.dim (A) < oo. For Z > 2, we have fhe following variation of Corollary 11.41 

Corollary 3.7. Let B f Abe an extension of Artin algebras such that rad^(P) = rad^(A)/or an integer I >2 
and that bothA/rad^^^ (A) and P/rad^^^ (P) are representation-finite, ^gl.dim (A) < 2, then fin.dim (P) < oo. 


Proof Lef X be a P-module wifh pd {bX) < and lef • • • ^ P2 —> Pi ^ Po ^ X —> 0 be a minimal 
projecfive resolufion of gX. Then, as in fhe proof of Theorem 1 1.31 we can consfrucf an exacf sequence 

(**) 0 —— yLll{X) — >T — ^ 0 , 


of P-modules, which induces anofher exacf sequence of A-modules 

0 —Z —rad5 (Pi) —rad5 (flB(X)) —0, 

where fhese A-module sfrucfures are due fo Lemma lT5] and where P is a module over P/rad^^' (P). Furfher- 
more, we also have fhe following exacf sequence of A-modules: 

0 — yLl\{A®BR)®P — >A®bP\ — >A®bP() — >A(^bX —>0 


with P a projective A-module. Now, we construct the following exact commutative diagram of A-modules: 


0 0 0 

0 --^radg(Pi)- 9 -rad5(flB(X))-^0 

0-9.a^(A(8)BZ)©P- ^A®bPi - ^A®bPo -^A^sX- 9 -O 

0-^ ^ (A/rad^(B)) ®bP\ -^ ^3 - ^A®bX -^ 0 

0 0 0 

Since rad^(B) = rad^(A), we see that Si is a module over A/rad^(A) and that (A/rad^(P)) ©b Pi, as 
an A/rad^(A)-module, is projective. Thus Si is a torsionless module over A/rad^(A). By assumption, 
A/rad^^^(A) is representation-finite, this implies that A/rad^(A) is torsionless-finite (see |[I]|23). So there is 
a module M over A/rad^(A) such that Si G add(M) = fl^^^^^,^^^((A/rad^(A))-mod). Since gl.dim(A) < 2, 

we see that the A-module f2^(A ©sX) is projective and Z ~ ^^(Si) © Q with Q a projective A-module. 
Consequently, Z € add(fl/i(M) ©aA). 

Since B/rad^^^(P) is representation-finite, we may find an additive generator N for (P/rad^^^ (B))-mod 
such fhaf 0.b{T) G add {Q.b{N)). Now, applying Lemmato (**), we have an exacf sequence: 

0 — >Q.b{T) —^Z©P'—^n|(X) —^0 

wifh P' a projective P-module. By fhe Igusa-Todorov funcfion (see Lemma 12.11) . we have fhe following 
inequalities: 

pd(BX) <2 + pd(Ba|(X)) <2 + 'T(Z©P'©aB(r)) <2 + »T(gaA(M)©BA©aB(X)). 

So fin.dim(P) < 00 . □ 

In Corollary 13.71 we lake 1 = 2 and gel fhe following corollary. 

Corollary 3.8. Let B ^ A be an extension of Artin algebras with rad^(P) = rad^(A). /jCghdim (A) < 2, then 
fin.dim (P) < 00 . 

Corollary 13. 8 1 can be used to re-oblain a main resull in lITTII on algebras wifh vanishing radical cube. 

CoroUary 3.9. El Suppose that B is a finite-dimensional k-algebra of the form B = kQ/I with vanishing 
radial cube, where Q is a quiver and I is an admissible ideal in the path algebra kQ of Q over the field k. 
Then fin.dim (P) < 00 . 

Proof Since rad^(P) = 0, we may write P as P = kQo (BkQy (BkQ 2 , where Qq and Qi are fhe sels 
of vertices and arrows of Q, respectively, and Q 2 is a sel of k-linearly independenl palhs of lenglh Iwo in 

A<2o \ 

P. Then P is embedded canonically into a Iriangular malrix algebra A := \kQ\ kQo by sending 

\kQ2 kQi kQoj 

(bo \ 

b = bo bi b 2 to I bi bo , where bi G kQi for 0 < i <2. We can check lhal gl.dim (A) < 2 and 
\b2 bi boj 

rad^(P) = rad^(A). Thus Corollary [T9] follows from Corollary 13.81 □ 

For a chain of exlensions, we have fhe following resull which extends ll22l Theorem 4.5] slighlly. 






























Corollary 3.10. Let C (LAbe a chain of extensions of Artin algebras such that rad(C) is a left ideal ofB 

and rad^(B) is a left ideal of Afar some integer Z > 1. If A is torsionless-finite and B/md\B) is representation- 
finite, then fin.dim(C) < oo. 

Proof Let X be a C-module with pd(cX) < oo. By Lemma [241 there is a B-module F and a projective 
B-module P such that Li^{X) ~ L1b(Y) ©P as B-modules. Clearly, the C-modules P and L1b(Y) have finite 
projective dimensions. It follows from Lemma |2!^ 2') and the exact sequence 

0 ^ md‘s{^B{Y)) -^L1 b{Y)^ aB(F)/rad^(nB(F)) ^ 0 


that the following sequence of C-modules 

0 ^ ac(nB(F)/radUaB(F))) ^ rad^(aB(F)) © G ^ L1b{Y) 0 

is exact, where G is a projective C-module. By Lemma [331 rad 5 (flfi(F)) is a torsionless A-module. 
Clearly, Q.B{Y)/radg{Q.B{Y)) is a module over P/rad^(P). Since A is torsionless-finite and B/rad^(P) 
is representation-finite, we may assume that M and N are additive generators for fl(A-mod) and 
(P/rad^(P))-mod, respectively. Thus radg(fl 5 (F)) € add (M) and flB(F)/radg(flB(F)) G add {bN). 

Now, we use Lemma [2Al to give an upper bound for the projective dimension of cX: 

pd(cX)<2 + pd(cn2(X)) 

= 2 + pd(cnB(F)©cP) 

< 2 + (flfi (F) /rad^ (fls (F))) © rad^ (F)) © G © p) 

<2 + '¥{LIc{N)(BM®cB). 


So we have fin.dim (C) < oo. □ 

Nexf, wepoinf ouf fhaf fhere are lofs ofrighf-finife exfensions B CA satisfying fhe condifion rad(P)A C B, 
and fherefore rad(P)Arad(P) C B. This is fhe case of Corollary 11. 2l for 5=1. Lef us exhibif one such example. 
Suppose fhaf A is an Arfin algebra. We define A := M 2 (A), fhe algebra of 2 x 2 mafrices over A, and 


/A rad(A)\ 

Va a )■ 


Then Ag and bA are projective and fhe exfension P C A is bofh righf- and lefl-finile. An easy calculation 
shows fhaf 


rad(P) 


/rad (A) rad(A)\ 

V A rad(A )) ’ 


rad (A) 


/rad (A) rad(A)\ 
\rad(A) rad (A )) 


and rad(P)A 


rad (A) rad(A)\ 

, A A 


and fhaf rad(B) is neifher a lefl nor a righf ideal in A. Buf we have rad(A) C rad(P) C rad(P)A C B, as 
desired. If fin.dim (A) < oo, then fin.dim (P) < oo by Corollary 11. 2l for 5=1. In fhis example, if rad(A) 0, 
then rad^(P) is neither a left nor a right ideal in A, but rad^(P) = rad^(A) is an ideal in A. Moreover, if 
fin.dim (A) < oo, then we can get fin.dim (P) < oo alfernafively by Corollary 13.4! since rad^(P)Arad(P) C P 
and since P/rad^(P) always has represenfation dimension af mosf 3 by a resulf of Auslander (see |[T] Chapf. 
Ill, Sec. 5]). 


Finally, we display an example fo show how our resulfs developed in fhis paper can be applied fo de¬ 
cide whefher cerfain algebras have finite finifisfic dimension. The example shows also fhaf fhe mefhod of 
confrolling finifisfic dimensions by exfension algebras seems fo be useful. 

Lef A be an algebra (over a field) given by fhe following quiver 







with one relation: aP^sX = 0. Clearly, this algebra is representation-finite. Now, let B be the subalgebra of 
A generated by {ei, 62 ' := ^2 + ^4 + ^ 5 , ey := ^3 -begA)+ •= := P^}, where ei is the primitive 

idempotent element of A corresponding to the vertex i. Then B is given by the following quiver 

y 'C^') s 

U ~ ^ *2' Y ^ *3' 

p a+E 

with relations: py = 5(a + s), yp = y5 = = Xp = X5 = (a + £)py^ = 0, and the Loewy structures of the 

indecomposable projective B-modules are as follows: 

P(l) I 

2 ' 

2! 

It is not difficult to see that B is representation-infinite and all simple P-modules have infinite projective 
dimension. Thus the length £t°{B), defined in lfT3l . is just the Loewy length of B. Moreover, the algebra 
B is neither monomial nor radical-cube vanishing nor standardly stratified nor special biserial. Note that 
P/rad^(P) is representation-infinite and that all of pd(gA), pd(Ag), pd{srad'{B)) and pd(rad'(P)g) for 1 < 
/ < 3 are infinite. So it is not clear that rep.dim (B) < 3. Though B is embedded into A of representation 
dimension 2, the result |[2^ Theorem 4.2] cannot be applied because rad(B) is neither a left nor a right ideal 
in A. But we can verify that rad^ (B) is an ideal of A, and therefore fin.dim (B) < 00 by Corollary 11.41 
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